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Abstract 

It was known for a long time that in d = 4 dimensions it is impossible to construct 
the Lagrangian for antisymmetric second rank spin-tensor that will be invariant under 
the gauge transformations with unconstrained spin- vector parameter. But recently a 
paper [5j appeared where gauge invariant Lagrangians for antisymmetric spin-tensors 
of arbitrary rank n in d > 2n were constructed using powerful BRST approach. To 
clarify apparent contradiction, in this note we carry a direct independent analysis of 
the most general first order Lagrangian for the massless antisymmetric spin-tensor of 
second rank. Our analysis shows that gauge invariant Lagrangian does exist but in 
d > 5 dimensions only, while in d = 4 this Lagrangian becomes identically zero. As a 
byproduct, we obtain a very simple and convenient form of this massless Lagrangian 
that makes deformation to AdS space and/or massive case a simple task as we ex- 
plicitly show here. Moreover, this simple form admits natural and straightforward 
generalization on the case of massive antisymmetric spin-tensors of rank n for d > In. 
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Introduction 



It was known for a long time that in d = 4 dimensions it is impossible to construct the 
Lagrangian for antisymmetric second rank spin-tensor that will be invariant under the gauge 
transformations with unconstrained spin-vector parameter (TJ [21 [3] (see also more recent 
paper [1]). But recently a paper [5] appeared where gauge invariant Lagrangians for an- 
tisymmetric spin-tensors of arbitrary rank n in d > 2n were constructed using powerful 
BRST approach [SI El El El QUI Ell E2] • The aim of this short note is to clarify an apparent 
contradiction between these new and previous results. 

The paper structured as follows. In Section 1, as a warming up exercise, we consider 
simplest and very well known case of spin- vector field Such field can be considered as a 
simplest example of completely antisymmetric spin-tensors and indeed this case gives some 
useful hints. Then in Section 2 we consider the most general first order Lagrangian for mass- 
less antisymmetric spin-tensor \& ^ in flat Minkowski space and show that the Lagrangian 
invariant under the gauge transformations = d^ v — d„£ M with unconstrained spin- 

vector parameter £ M does exist, but in d > 5 dimensions only, while it becomes identically 
zero in d — 4. As a byproduct we obtain a very simple and convenient form of this gauge 
invariant Lagrangian that makes deformation into AdS space a simple task as we explicitly 
show here. 

In Section 3 we consider gauge invariant description of massive antisymmetric spin-tensor 
using a minimalistic approach as in [T31 ES EI3 ESI EH EH]- Due to reducibility of gauge 
transformations it turns out enough to have two fields — spin-tensor ^ and spin-vector $ M 
only. At last, in Section 4 we show that these results admit a natural and straightforward 
generalization on the case of spin-tensors with arbitrary rank n in d > 2n+ 1. Again, due to 
reducibility of gauge transformations, to obtain gauge invariant description of massive field 
it is enough to introduce two spin-tensors with rank n and n — 1 only. 



1 Warming up exercise 

As a warming up exercise let us take an example of spin-vector ^ (any way it can be 
considered as a simplest case of completely antisymmetric spin-tensors). The most general 
first order Lagrangian for massless field in flat Minkowski space can be written as follows: 

-C = + Oi((*9)(7*) + (*7)(0*)) + a 2 (^7)9(7^) (1) 

Now if we require that this Lagrangian be invariant under the gauge transformations 5^> ^ = 
d^C, with spinor parameter, we immediately obtain: 

First signal that something happens then d = 2 comes from the contraction of equation with 
7-matrix: 
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Noting that in d — 2 the last term in the Lagrangian containing three 7-matrices is not 
independent, let us rewrite the Lagrangian in terms of completely antisymmetric products 
of 7-s. Using the following relation: 

= g^j a - g m Y + g va Y + T^ a 

where = 71^7^7°] , the most general Lagrangian can be written as follows: 

-£ = (l-a 2 )^^ + (a 1 + a 2 )((^)( 7 ^) + (%)(^))+a 2 ^r^ Q ^ a = 

= ^^ va d^ a (2) 

where the last line corresponds to the same values of parameters when the Lagrangian is 
gauge invariant. In this form gauge invariance of the Lagrangian is evident as well as the 
fact that it is identically zero in d — 2. 



2 Massless case 

In this Section we consider massless antisymmetric spin-tensor ^f^. The most general first 
order Lagrangian can be written in the following form: 

-C = W^ + a 1 ((^a)^(7^ + (^7r(^) M ) + a 2 (^7)^(7^ + 

+a 3 ((vl><97)(77^) - (*77)(07*)) + a 4 (*77)9(77*) (3) 

where (7^/)^ = 7^*^, (\E , 7) J/ = * M1/ 7^ and so on. Now if we require that this Lagrangian be 
invariant under the gauge transformations S^/^ = d^ u —d v ^^ with unconstrained spin- vector 
parameter we get: 

9^ = =► a 1 = -2, a 2 = 2, 03 = -1, a, = -\ 

Again a first signal that something happens in d — 4 comes from the contraction with 
7-matrix: 

= ^l-W + 2 %*)" + 2 7,(97*) + 9,(77*) - 7,9(77*)] 

Noting that in d — 4 the last term in the Lagrangian containing five 7-s is not independent, 
we proceed rewriting the Lagrangian in terms of completely antisymmetric products. Using 
the relation: 

p/^y*p/3 7 _ (giiPgin _ gWgvP^a + / — g\xa gV fi + g^xo, gV 1 ^ + gV a g^ _ g» <*■ gin ^ \ _|_ 

+{g vl g^l* 1 - g m g af3 Y - g vf3 g ai Y + g^g^Y) + (g^T^ 1 - g ^ a Y u ^) + 

_|_^a/3pM,7 _ ^"7pM,/3^ _|_ ^g^-pvaj _ ^,/3p^a7 _ ^^7pi/a/3 _|_ ^i^p/ua/^ _|_ p/^a/37 
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we obtain for the most general Lagrangian: 

-Co = (l-a 2 -2a 4 )W^ + (a 1 + a 2 -2o 3 + 4o 4 )((^)' t (7^) M + (^7)^(^) M ) + 
+ (a 2 + 4a 4 )^vr a/3 ^ /3 + (o 3 - 2a i ){{^d) lx V^ va - V ^ a (df) a ) + 

where the last line corresponds to gauge invariant case. Again in this form the gauge invari- 
ance of the Lagrangian is evident as well as the fact that it is identically zero in d = 4. 

The last form of the Lagrangian is very simple and convenient. In particular, it makes 
deformation into AdS space a simple task. Indeed, let us consider the Lagrangian: 

C = l -^, u T^D a ^ Pl (4) 

where ordinary partial derivative is replaced by AdS covariant one. Note that the Lagrangian 
is completely antisymmetric in all vector indices, so that covariant derivative effectively acts 
on the spinor index only, e.g.: 

k 2A 
[D„, D v ]£ a = --T^U k = (d _ 1)(d _ 2) 

Due to non-commutativity of covariant derivatives this Lagrangian is not invariant under 
the covariantized gauge transformations 8^ ^ = D^ u — D u ^ any more: 

s c = ^(d- 3 )(rf-4)^r^a 

To compensate this non-invariance we add mass-like term to the Lagrangian as well as 
corresponding correction to gauge transformations: 

& = y^r"" ^, 5^, v = taoh^ u - luQ (5) 

Simple calculations show that the gauge invariance of the Lagrangian can indeed be restored 
provided: 

M ,,2 (rf-4) 2 

ao = -wry = 4 

where the last relation clearly shows that the procedure works in AdS space (ac < 0) only. 
Thus we obtain the following Lagrangian and gauge transformations: 

Co = ^V^o^ + yV 1 ^^ (6) 
(^V = D^-D^-j^-^^-^) (7) 

describing massless antisymmetric second rank tensor in AdSd space with d > 5. 
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3 Massive case 



In this Section we consider gauge invariant description of massive antisymmetric second rank 
tensor in arbitrary (A)dSd space with d > 5. Spin-tensor ^ ^ has gauge transformations 
with spin-vector parameter, so for gauge invariant description of massive tensor we have 
introduce additional Goldstone field This field has its own gauge transformations with 
spinor parameter, but due to reducibility of gauge transformations for spin-tensor ^ ^ v it 
is not necessary to introduce any other additional fields. We have already seen that com- 
pletely antisymmetric products of 7 matrices plays an essential role, so we will look for the 
Lagrangian in the form: 

+^^ r ^ Q % Q/3 + i ai ^>^v^ a + ^T^ va ) + a 2 $ M r^ (8) 

At the same time we will use the following ansatz for the gauge transformations: 

5^^ = D^ v - D u ^ + iaoi-y^ ~ 7^) + a^^r) 
5$^ = D^r) + a 2 ^ + ia 3 ^r] (9) 

First of all we calculate all variations with one derivative and require their cancellation. It 
allows us to express all parameters in gauge transformations in terms of the ones in the 
Lagrangian: 

M 2ai a 2 
a = — — — , «i = — — — — — , a 2 = —2ai, a 3 



(d-4)' 1 (d-3)(d-4)' z ° d-2 

Now we calculate all variations without derivatives taking into account contributions of 
kinetic terms due to non-commutativity of covariant derivatives. Their cancellation gives: 

2(d-4) (d-4£ (d-2) 
M ~ ~Jd^W ai - ~^E~ Kl a2 - ~Jd^4) M 

Working with gauge invariant description of massive fields it is natural to define massless 
limit as a one where (all) Goldstone field(s) decouple from the main gauge one. For the case 
at hands we see that it is the limit a\ — > that corresponds to the massless one. As for the 
concrete mass normalization, we will use convention "mass is what would be mass in flat 
Minkowski space" . Using the following relation: 

*^MV - 2(%r( 7 M/) M - i(^77)(77^) = -^P""*^ 



we obtain: 



ai - 2(d-4) m ' M ~ m 4 



Collecting all results together we obtain the following Lagrangian: 



J ^-^m(^r^ Q $ a + ^r""^) _ ^-Am^t^ (io) 
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invariant under the following gauge transformations: 

2iM 



5^ 



D^ u - D u ^ - 



(d-4) 



m 



(d-3)(d-4)(d-4) ^ 



5$, 



where M 2 = m 



2 _ (d-Af 



2(d-3) , . M 



^ (d-4) 



(d-4) 



(11) 



k. Note that this time our construction works in dS space (k > 0) 

as well but for m 2 > ( - d ~ 4 - ) k only. At the boundary of this region (as it is often to be the 
case for fermionic fields) the Lagrangian and gauge transformations become much simpler: 



(d-S) 



(12) 



/ 2 m 
SV^ = D^ u -D v ^ + J — — -- — -T^rj 



(d-3)(d-4) (d-4)' 



<5$ M = D^t] 



2(d -3) 

V Jd~^ m ^ (13) 



4 Arbitrary rank 

In this Section we consider generalization of the above results to the case of completely 
antisymmetric spin-tensors of arbitrary rank. The higher the rank the more and more com- 
plicated become the calculations, thus we will not consider the most general possibilities 
here. Instead, simply assuming that completely antisymmetric products of 7 matrices do 
the job, we will try to construct gauge invariant description of massive spin-tensor of rank 
n in (A)dSd space with d > 2n + 1. Again due to reducibility of gauge transformations we 
will need two spin-tensors with ranks n and n — 1 only: \I/ W ...^ n and $ jlll ... /1 „_ 1 . By analogy 
with n = 2 case we will look for the Lagrangian in the following form: 

C 1 iff -pfi 1 ...fM n au 1 ...u n pi ^ 1 1 p/Ji.../j„_iai/i...!/ n _in ^ , 

1 */xi...// n i ct v\...v n 1 / _ 1 Nl^/Ul— Mn-1 1 " -^a^Vi.-.i^i-i ~ 

7^. ( Tl J. ) . 

I iff p/il.../l n ^l...^„,T, 1 fl2 <f> p/il---/in-li / l---i / n-l(J) I 

"T , ^/i!.../i n l ^l/i...l/„ "I" / _ 1 \| ^Ml-'Mn-l 1 ^I/i. ..I/„_i ~T 

I mi fSfr p/Jl.../i n I/l...V„-l* 1 (jj p/il-/*n-l"l-"n\IV HZL"! 

— 1)! ^Vl—fn-l ~ ^/ll-Mn-l 1 ^I/l...I/ n ; 

Similarly, we introduce the following ansatz for gauge transformations: 

<^l-**» = -D[m^2...Mn] + ^«07[Ml^2...Mn] + «1 ■ ■ -Hn] 

+ ^37[mi VvO-Vn-l] (I 5 ) 
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where brackets denote antisymmetrization with weight one. Again we begin with the cal- 
culation of all variations with one derivative and require their cancellation. It allows us to 
express all parameters in gauge transformations in terms of the one in the Lagrangian: 



/ i M 2oi 
a = -1 n - 1 — — — ai 



(d-2ra)' (d - 2n)(d - 2n + 1) 

a2 = - mi ' a ' = { - iy \d-2n + 2) 

Then we calculate all variations without derivatives taking into account contributions of 
kinetic terms due to non-commutativity of covariant derivatives. And indeed all of them 
cancel provided: 

, n(d-2n) , (d-2n) 2 (d - 2n + 2) w 

(d-2n + l) 4 ' (d-2n) 

As in the previous case, we see that it is the limit a\ — > corresponds to the massless limit. 
In this, our convention on mass normalization gives: 

a ,2 (<*- 2w + 1 ) m 2 M 2 (d " 2w)2 ;-. 
fll " n(d-2n) ' 4 

Again the whole construction works in dS space (k > 0) as well but for m 2 > ( d ~ 2n ^ & only. 



Conclusion 

Thus really there is no contradiction between new and previous results on antisymmetric sec- 
ond rank spin-tensor. The resolution turns out to be simple (though may be unexpected): 
the gauge invariant Lagrangian does exists in d > 5, but in d = 4 it becomes zero thus ex- 
plaining why all previous attempts were unsuccessful. The simple completely antisymmetric 
on all vector indices form of the Lagrangian obtained, turns out to be very convenient in 
practical calculations such as deformation into AdS space or introduction of mass. Thus it 
seems worthwhile to reconsider the problem of possible interactions for such fields. 
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